In this paper we will show some applications achieved within type IIB superstring backgrounds since the emergence of the AdS/CFT correspondence. This correspondence relates a super Yang-Mills (SYM) theory, with strong coupling, and a type IIB superstring theory, with weak coupling. The use of the AdS/CFT correspondence allows us to investigate many aspects of hadronic physics described by QCD outside the perturbative regime, for example, glueball masses and the Regge trajectories related to the pomeron and the odderon. Throughout the text we will deal with the AdS/CFT correspondence within the two dynamical versions to the holographic softwall model.
Introduction
The Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence or duality, also known by string/gauge or gauge/gravity duality or yet holography was proposed by Juan Maldacena in 1988 [1] and brought various perspectives for the hadronic physics outside the perturbative regime in the sense that one can relate an abstract type IIB superstring theory to a SYM theory.
Correspondences or dualities are not new in the history of Physics. These correspondences relate two physical theories, generally distinct from one another, through certain characteristics belonging to both theories. Just for example, we recall two very well-known dualities in Physics. The first one is the duality between the quantum Sine-Gordon model and the massive Thirring model [2, 3] and the second one is the electric-magnetic duality or Seiberg's duality [4] .
The major difference between AdS/CFT correspondence and those mentioned before is that the first two relate two quantum field theories to each other while the AdS/CFT correspondence relates a quantum field theory in a d-dimensional space and a theory of supergravity in a curved D-dimensional space, with D > d.
More generally, however, with high level of mathematical abstraction, it can be said that the AdS/CFT correspondence relates a superstring theory or M-theory on certain background which can be described by In a more concrete view, AdS/CFT correspondence can be seen as a correspondence or duality between a conformal SYM, since there is no dynamic in the β function, with extended supersymmetry (N = 4), symmetry group given by SU(N) with N → ∞, in a flat (3+1) dimensional Minkowski spacetime and a type IIB superstring theory in a curved 10-dimensional spacetime, which can be mathematically described as the AdS 5 × S 5 , which in a low energy limit, can be associated to a theory of supergravity. Furthermore, there are many well known references dealing with AdS/CFT as one can see in [5, 6, 7, 8] , for instance.
The use of the AdS/CFT correspondence allows us to investigate many aspects of the hadronic physics describe by the QCD outside the perturbative regime. QCD is the best known theory to describe the strong interactions. Amongst other characteristics of QCD, there is one called confinement, meaning that in the infrared limit, i.e, for low energies or large distances, quarks and gluons are bound to each other strongly, the strong coupling g ≫ 1, inaccessible to the perturbative approach. Such calculations involve bound states as the glueball masses, and consequently its related Regge trajectories, are features of the non-perturbative regime.
Glueball states are bound states of gluons predicted by QCD, but not detected so far and characterised by J P C , where J is the total angular momentum, and P and C are the P −parity (spatial inversion) and the C−parity (charge conjugation) eigenvalues, respectively.
Regge trajectories are well known approximate linear relations between total angular momenta (J) and the square of the masses (m), such as:
with α 0 and α ′ constants. In order to make the comparison between our results and the results coming from other approaches easier, we will provide the most known Regge trajectory for the soft pomeron [9, 10] , given by:
where the masses throughout this work are expressed in GeV. The pomeron is related to the even spin glueball, with P = C = +1. In a J ×m 2 plane known as Chew-Frautschi plane, the masses of glueball states lie on the pomeron Regge trajectory.
Of course, there are also other models to describe the pomeron, providing Regge trajectories pretty close to Eq.(2), as one can see for instance in [11, 12] .
On the other hand, for odderon, now related to the odd spin glueball with P = C = −1, there are also many models to describe it, such as, isotropic lattice [13] , anisotropic lattice [14] , relativistic many body model [15] and the non-relativistic constituent model [15] for which:
etc. We are going to compare our results obtained for the Regge trajectory of the odderon, with this trajectory. As mentioned before the AdS/CFT implies a super conformal field theory, and thus, cannot be used directly to tackle QCD, since QCD is not a conformal theory. So, one must break the conformal invariance, and after this, one can construct phenomenological models that describe (large N) QCD approximately. These models are known as AdS/QCD models. Some proposals appeared in order to deal with the conformal invariance, such as "Witten black hole" [7] and the introduction of an IR hard cutoff a certain value z max of the holographic coordinate z and just considering a slice of AdS 5 space in the region 0 ≤ z ≤ z max , with some appropriate boundary conditions [16, 17, 18, 19] . In these two last works emerges the idea of the hardwall model, as this model is known nowadays. There are many results in order to study even and odd glueball state masses, as well as Regge trajectories associated to the pomeron and the odderon within the hardwall model, as one can see in the following references [20, 21, 22] .
For our purposes, in this work we will focus on another approach known as softwall model, in its dynamic version, to break the conformal invariance and investigate the hadronic physics, as can be seen in the following Sections.
The softwall model arises from the need to break the conformal invariance and one has to introduce in the action of the fields a decreasing exponential factor of the dilatonic field that represents a soft IR cutoff. The original softwall model was proposed in [23] to study vector mesons, and subsequently extended to glueballs [24] , to other mesons and baryons [25] and even to study the deep inelastic scattering [26] . The main feature of this model is to produce linear Regge trajectories.
As discussed in [27, 28, 29] the Regge trajectories for glueballs coming from the original softwall model although linear are not in agreement with lattice data. In particular in reference [30] suggested an AdS 5 mass renormalisation in order to get a unified treatment for both scalar and high even spin glueballs. Due to this, modifications were proposed in the original softwall model, as can be seen in the following Sections.
This work is organized as follows: In Section 2 we will present a dynamical modification in the holographic softwall model in order to calculate the masses of the even and odd spin glueballs as well as the Regge trajectories related to pomeron and odderon. Also in this Section, we will explore the analytically solvable version of this model. In the Section 3 we will present a modification in the dynamical softwall model, now taking into account the anomalous dimension related to the QCD beta function and numerically solve, also in order to get the masses of the even and odd spin glueballs and the Regge trajectories related to pomeron and odderon. Finally in Section 4 we will present our conclusions and last comments.
Dynamical Modification in the Holographic Softwall Model
As mentioned in the previous Section, the references [27, 28, 29] showed that the softwall model does not seem to be working well for glueball states because both masses and Regge trajectories are not in agreement with those found in the literature. In this Section, we will present a modification to the softwall model.
The dynamical modification in the holographic softwall model is based on the dilaton field becoming dynamical satisfying the Einstein's equations, and the metric structure is also consistently solved by Einstein's equations, and both cases are in five dimensions.
To do this, let us start writing the 5D action for the graviton-dilaton action in the string frame:
where G 5 is Newton's constant in five dimensions, g s is the determinant of the metric tensor in the 5−dimensional space, Φ(z) = kz 2 is the dilatonic field, where k ∼ Λ 2 QCD and V s G (Φ) is the dilatonic potential. All of these parameters are in the string frame, so the metric tensor has the following form:
with M, N = 0, 1, 2, 3, 4; µ, ν = 0, 1, 2, 3, and η µν = diag (−1, 1, 1, 1) the metric of the four-dimensional Minkowski space. After a Weyl rescaling, from the string frame to the Einstein frame, one can write Eq.(4) as:
where
The equations of motion from (6), can be writte as:
where we defined Φ ′ = ∂Φ/∂z, A ′ = ∂A/∂z and
Solving Eqs. (8) and (9) for the quadratic dilaton background, Φ(z) = kz 2 , one finds:
and
where 0 F 1 (a, z) is the Kummer confluent hypergeometric function. Using (10) and (11), one can note that the warp factor in the string frame is
which means that the metric (5) is a deformed AdS space. Using (7) one has
so that this potential generates the desired quadratic dilaton where R is the AdS radius. Returning to string frame, the 5D action for the scalar glueball field G is given by [24] :
which leads to the following equation of motion:
Representing the scalar field through a 4d Fourier transformG(q, z) and performing a change of functionG = ψ(z)e
B(z)
2 , where B(z) = Φ(z) − 3A s (z), one gets the following 1d Schrödinger-like equation
or explicitly for the quadratic dilaton Φ(z) = kz 2 :
with
). This equation was solved numerically in [28, 31, 32] . Since, for our purposes, in this Section, we are interested in analytical solutions, then we will use the action (15) with metric tensor (5) and Φ(z) still given by kz 2 but with the function A s (z) replaced by:
One can conclude by looking at (5) and (19) that this modification produces a deformation in the original AdS 5 , meaning that this dynamical softwall model is no longer AdS 5 . Of course, now we are dealing with an asymptotically AdS 5 space, as can be seen for the UV limit or z → 0, one has
The Schrödinger-like equation (18) has an effective potential given by:
This is still not exactly solvable so we expand the exponential in the last term in the brackets and just retain terms up to first order in the parameter k. In fact, we could retain terms up to second order in k without breaking exact solvability, but this contribution would not modify significantly our subsequent analysis. This procedure gives us the equation
(20) which is exactly solvable and represents the dynamical and analytical softwall model that we consider here. From the eigenenergies and by associating −q 2 n with the square of the masses of the 4D glueball states, one has:
For the lightest scalar glueball 0 ++ is dual to the fields with zero mass (M 
The results obtained from (21) for the masses of the lightest scalar glueball (n = 0) and its radial excitations (n = 1, 2, · · · ), using k = 0.85 GeV 2 are presented in Table 1 . The values found for the masses of the lightest scalar glueball and its radial excitations are in agreement with those found in the literature from lattice calculations, as one can see in [13, 14, 33, 34] .
In order to deal with higher spin glueballs one can recall the AdS/CFT correspondence dictionary who tells us how to relate the operator in the gauge theory with fields in the AdS 5 × S 5 space. The conformal dimension ∆ of a boundary operator is given by:
For a pure SYM theory defined on the boundary, one has that the scalar glueball state 0 ++ is represented by the operator O 4 , given by:
which has conformal dimension ∆ = 4. So, the lightest scalar glueball 0 ++ is dual to the fields with zero mass (M After this explanation, we will apply an approach following [35] where the glueball operator with spin ℓ could be obtained by the insertion of symmetrised covariant derivatives in the operator O 4 = F 2 , such that:
with conformal dimension ∆ = 4 + ℓ. This approach was used within holographic hardwall model in two cases. The first one, to calculate the masses of even glueball states 0 ++ , 2 ++ , 4 ++ , 6 ++ , · · · and to obtain the corresponding pomeron Regge trajectory [20, 22] . The second one, was used to calculate the masses of even glueball states 1 −− , 3 −− , 5 −− , 7 −− , · · · and to obtain the corresponding odderon Regge trajectory [21] .
For even spin glueball states after the insertion of symmetrised covariant derivatives, and using (23), one has:
Plugging this result in Eq. (21), one gets:
and for the particular cases of non-excited states (n = 0), one has:
In the case of odd spin glueballs, following, the operator O 6 that describes the glueball state 1 −− is given by:
and inserting the symmetrised covariant derivatives one has:
with conformal dimension ∆ = 6 + J and spin 1 + ℓ. Then, for the case of the odd spin glueball states, using again (23), one finds:
Plugging this result in Eq. 
In Table 2 , we will present the values for masses for the even spin glueball states, from (28) and in the Table 3 , the values for the masses for the odd spin glueball states, from (33) . For both calculation was used k = 0.2 GeV 2 .
Glueball States J From these results presented in Table 2 , one can derive the Regge trajectory for even spin glueball states, which one can be associated to the pomeron, such as:
The errors for the slope and the intercept come from the linear fit. This Regge trajectory is in agreement with the one presented in (2). In the same way, using the results from Table 3 , one can derive the Regge trajectory for odd spin glueball states, which one can be associated to the odderon, such as:
The errors for the slope and intercept come from the linear fit. This Regge trajectory for the odderon is in agreement with the one presented in (3), within the nonrelativistic constituent model.
Dynamical Corrections to the Anomalous Holographic Softwall Model
In this Section we will calculate numerically the masses of higher, even and odd, spin glueball states, and construct the Regge trajectories related to pomeron and odderon but now taking into account the anomalous dimensions from a chosen QCD beta function, namely, beta function with an IR fixed point at finite coupling, in addition to dynamical corrections in the holographic softwall model in same way that was done in the previous Section.
The references [36] introduced the idea of using QCD beta functions to get an interesting UV behaviour for the softwall model modified by convenient superpotentials for the dilaton field. In particular in [27] , the authors took into account the anomalous dimensions, also related to QCD beta functions, and obtained the masses only for the scalar glueball and its radial excitations in agreement with those presented in the literature.
As we are dealing with dynamical corrections in the softwall model, we will follow the same steps used in Section 2. Then let us recall the metric tensor that will be used:
and the action for the scalar glueball field G that also will be used:
The dilatonic field still remains as Φ = kz 2 . After some calculation as done in the Section 2 we obtained this Schrödinger-like equation:
Also recalling the AdS/CFT dictionary, the classical (non-anomalous) conformal dimension ∆ class. of a super Yang-Mills (SYM) scalar operator is given by:
Therefore, one can write:
The SYM is a conformal theory, so the beta function vanishes and the conformal dimensions has no anomalous contributions, therefore they keep only their classical dimension.
On the other side, within the QCD approach, the scalar glueball operator has full dimension given from the trace anomaly of the energy-momentum tensor [37, 38] , so that:
and the beta function can defined as:
where µ is a renormalisation scale, α ≡ g 2 Y M /4π and g Y M is the Yang-Mills coupling constant. The fermionic part in (41) can be disregarded because only the operator T rF 2 is relevant for our purposes. Besides, the scaling behaviour for a generic operator can be written as:
It is appropriate to mention that the full dimension ∆ O also can be represented by sum of the classical dimension ∆ class. and the anomalous dimension γ(µ), then one has:
Particularly, for the case of the scalar glueball operator, inserting Eq.(41), disregarding fermionic part, in (43), we obtain:
where the prime represents the derivative with respect to α. Then, the scalar glueball operator T rF 2 has the full dimension:
Using the 't Hooft coupling λ ≡ N C g 2 Y M = 4πN C α, one gets
where the prime represents the derivative with respect to λ and the beta function is given by:
As our concern is about higher spin glueballs, for even and odd spins, and to get their corresponding Regge trajectories related to the pomeron and to the odderon, we will use the same procedure done in Section 2, that means we will insert symmetrised covariant derivatives in a given operator with spin ℓ in order to raise the total angular momentum. In the particular case of the operator O 4 = F 2 , one gets once again:
with conformal dimension ∆ class. = 4 + ℓ and spin ℓ.
In a similar way, one can write the full dimension ∆ even J T µ µ = 4 + J, and now Eq.(47) can be written as:
Using (40), the full dimension for a glueball state with higher even spin ℓ, taking into account the beta function is:
or explicitly:
One has to replace (52) in the Schrödinger-like equation (38) to get the masses for even glueball states.
On the other hand, for odd spin glueballs, as also shown in Section 2 the operator O 6 that describes the glueball state 1 −− is given by:
and after the insertion of symmetrised covariant derivatives one gets:
with conformal dimension ∆ class. = 6 + ℓ and spin 1 + ℓ. Then one can write the full dimension ∆ odd ℓ T µ µ = 6 + ℓ , and now Eq.(47) becomes: ∆ odd ℓ
Using (40), one can write the full dimension for a glueball state with higher odd spin ℓ, taking into account the beta function:
and explicitly:
(57) One has to replace (57) in (38) to get the masses of the odd spin glueball states.
At this moment, let us discuss about the QCD beta function chosen for this work whose was proposed in [39] :
This beta function fulfil necessary IR and UV requirements, meaning that for the IR fixed point λ = λ * this beta function vanishes. Moreover, it reproduces the perturbative β(λ) ∼ −b 0 λ 2 at 1− loop order in the ultraviolet and behaves as β(λ) ∼ +λ 3 at large coupling. Since one can relate the holographic or radial coordinate z of the AdS 5 space with µ −1 where µ was defined as the renormalisation group scale, one can write the relationship between the beta function and coordinate z, given by:
where the integration constant will be fixed by λ(z) ≡ λ 0 at a particular energy scale z 0 .
Eq. (59) can also be solved exactly for this beta function, so that:
where W (z) is again the Lambert function and λ(z 0 ) = λ 0 fixes the integration constant. This equation leads to the expected QCD asymptotic behaviour at short distances when z is close to the boundary (z → 0):
Finally, replacing (58) and (60) in Eqs. (52) and (57), solving numerically the Schrödinger-like equation (38) and using suitable values for k, λ 0 and λ * , one can get the masses of even and odd glueball states, respectively.
The results obtained for the masses of even and odd glueball states are presented in Table 4 and Table 4 : Masses (GeV) for the glueball states J P C with even ℓ with P = C = +1 calculated numerically from dynamical corrections to the anomalous holographic softwall model using (38) Table 5 : Masses (GeV) for the glueball states J P C with even ℓ with P = C = −1 calculated numerically from dynamical corrections to the anomalous holographic softwall model using (38) with mass relationship (57) and the beta function with an IR fixed point at finite coupling, (58), using suitable values for the parameters k (GeV 2 ), λ 0 and λ * (dimensionless).
From Table 4 one can derive the following Regge trajectory related to the pomeron:
J(m 2 ) = (0.23 ± 0.02) m 2 + (0.9 ± 0.5) ,
in agreement with the one presented in (2) . The errors for the slope and the intercept come from the linear fit.
In the same way, from Table 5 
in agreement with the one presented in (3). The errors for the slope and the intercept come from the linear fit.
Conclusions
In this work we presented two examples how the type IIB superstring theory via AdS/CFT correspondence can be used to investigate the hadronic physics away from the perturbative regime.
The approach used is this work was based on the dynamical versions of the holographic softwall model. The first one, analytically solvable and the second one, numerically solvable and taking into account the corrections from anomalous dimension. Both approaches give results for the masses of higher even and odd spin glueball, as well as the Regge trajectories to associated to the pomeron and the odderon compatible with those found in the literature.
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